When atomic gases are laser driven to Rydberg states in an off resonant way, a single Rydberg atom may enhance the excitation rate of surrounding atoms. This leads to a facilitated excitation referred to as Rydberg anti-blockade. In the usual facilitation scenario, the detuning of the laser from resonance compensates the interaction shift. Here, we discuss a different excitation mechanism, which we call anomalous facilitation. This occurs on the "wrong side" of the resonance and originates from inhomogeneous broadening. The anomalous facilitation may be seen in experiments of attractively interacting atoms on the blue detuned side, where facilitation is not expected to appear.
I. INTRODUCTION
Ultracold Rydberg gases are an ideal platform to study many-body physics with strong and long-range interactions. Current measurement techniques allow to observe their excitation dynamics [1] [2] [3] [4] as well as their spatial correlations [5, 6] . Recently, the so called anti-blockade regime with off resonant laser driving triggered many interesting experimental [1, 3, [7] [8] [9] as well as theoretical [10] [11] [12] studies. While in the blockade regime [2, [13] [14] [15] [16] [17] , using a resonant drive, a single Rydberg excitation suppresses further excitations within the so called blockade radius, the anti-blockade regime [18] [19] [20] facilitates excitations at a certain distance. In this case the level shift caused by the Rydberg interaction compensates the detuning of the driving laser. This leads to the fast growth of Rydberg excitation clusters [1, 3, 4, 8, 9, 21] .
In many ultracold Rydberg gas experiments strong excitation line broadening limits the observation of coherent dynamics. In particular, there are strong indications of additional interaction induced broadening mechanisms [21] [22] [23] [24] [25] [26] . Moreover, investigations of thermal Rydberg gases inherently show strongly broadened spectral lines [1, 27] . Although these mechanisms typically prevent coherent dynamics, they may lead to novel interesting features in the incoherent dynamics.
Here, we discuss an anomalous facilitation mechanism of Rydberg excitations due to strong inhomogeneous broadening which leads to an enhanced excitation rate on the "wrong" side of the resonance. While the usual facilitation, where the detuning compensates the interaction shift, was observed in previous experiments [1, 8, 9, 21] , here we show the possibility of an anomalous facilitation. Exemplary, we discuss the case of attractively interacting Rydberg atoms with strong inhomogenoeus broadening and show that an excitation cascade is possible on the blue detuned side of the resonance. The additional inhomogeneous broadening is motivated by a recent experiment [26] and the idea of interaction induced broadening.
II. TWO PARTICLE DYNAMICS: USUAL CASE
Let us briefly review the usual facilitation mechanism. Specifically, we discuss two repulsively interacting atoms on the blue detuned (∆ > 0) side of the resonance. To this end, we consider the incoherent excitation rate Γ ↑ (r) of an atom at distance r from an excited Rydberg atom. It has been shown, that a rate equation approximation successfully describes current experiments [1, 2, 8] . Due to the long-range interactions, a single Rydberg excitation dramatically alters the excitation rate Γ ↑ (r) of surrounding atoms. We consider repulsive interactions between Rydberg atoms of the form V (r) = C α /r α > 0 ( = 1) with α = 6, corresponding to van-der Waals type interaction. By eliminating all coherences between the ground and Rydberg state and including the interaction effect using an effective detuning ∆ − V (r) [19, [28] [29] [30] , Here, an inhomogeneous broadening is indicated by the red shaded region. At the facilitation radius r fac , the detuning compensates the interaction shift, i.e. ∆ = V (r fac ). The blockade radius aB = (Cα/γ0)
(1/α) is always larger than the facilitation radius r fac . (b) Incoherent excitation rate in the presence of one Rydberg excitation with distance r for different detunings ∆. We set the Rabi frequency Ω = 1 as the natural energy scale and a = 1 the characteristic length scale. In these units, the parameters are Γs = 0.05, γ0 = 2 and C6 = 10ω with linewidth ω = γ0 Ω 2 /Γsγ0 + 1.
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we obtain the excitation rate
(1)
The excitation rate Γ ↑ (r) strongly depends on the distance r between ground state atom and excited Rydberg state. Here, Ω denotes the Rabi frequency and γ 0 is the decoherence rate including spontaneous decay and dephasing. Fig. 1a illustrates the incoherent anti-blockade regime starting from both atoms in the ground state. While the first excitation is strongly off resonant, the detuning ∆ can compensate the interaction shift V (r) exciting the second atom to the Rydberg state. For a fixed detuning ∆, the subsequent excitation rate Γ ↑ (r) reaches its maximum at the so called facilitation radius
Assuming a linear slope, the spatial extent of the facilitation region is given by the expression δr r fac γ 0 /α∆.
As a consequence the spatial extent δr of the facilitation region becomes smaller and smaller if the detuning ∆ is increased. This can be seen in Fig. 1b , where we show the excitation rate (1) for different detunings ∆ illustrating the transition between blockade regime (∆ γ 0 ) to antiblockade regime (∆ γ 0 ).
III. INHOMOGENEOUS BROADENING
In the following, we discuss an additional inhomogeneous broadening motivated by interaction induced processes observed in several experiments [22, 23, 26] . The inhomogeneous broadening strongly depends on the microscopic details of the interaction potential. Therefore, a full theory of possible broadening mechanisms in Rydberg gas experiments is still missing. Yet, there are several possible scenarios: On the one hand, the strong and long-range interaction may induce additional dephasing mechanisms [22, 23] . On the other hand, black-body induced or spontaneous transitions to neighboring Rydberg levels may lead to a dipole-dipole interaction induced broadening [26] . Another possibility is the effect of motional decoherence in optical lattices with finite width [21, 24, 25] . Crucially, they all originate from a strong and quasi long range interaction potential V (r) = C α /r α and therefore depend on the mutual distance r between two atoms.
Here, let us consider a special type of interaction induced broadening. We assume a decoherence rate
Besides the bare decoherence rate γ 0 , we added a dephasing rate seen by the ground state atom with distance r to the excited atom. The coefficient β determines the range and D β the strength of the broadening. Specifically, we discuss here the case β = 6 assuming a van der Waals type interaction. However, similar results can be obtained for different exponents β. Importantly, with decreasing distance between two atoms, the interaction induced broadening γ(r) increases strongly. In this case, the full excitation rate is
Note, we assume a symmetric inhomogeneous broadening mechanism centered at the resonance position ∆ = V (r fac ). In the limit r → ∞, we retrieve the excitation rate for uncorrelated atoms. Fig. 2 and a cubic lattice with lattice spacing a, we determine the total facilitation rate Γ fac for all atoms within a blockade radius aB/a 2. We determine the region (gray shaded) where both conditions for facilitation (i) Γ fac > Γ0 and (ii) Γ fac > Γs are fulfilled. The blue dashed lines show the facilitation rate for different distances rj to the excited Rydberg atom. Due to the lattice structure, we encounter a discrete set of resonances. The blue solid line is the total facilitation rate.
IV. TWO & MANY PARTICLE DYNAMICS: ANOMALOUS CASE
In the following, we will show that attractive interactions with strong inhomogeneous broadening can result in an anomalous facilitation on the blue detuned side of the resonance. In particular, we discuss an attractive interaction potential V (r) = C 6 /r 6 < 0 and additional inhomogeneous decoherence rate γ(r) as in eqn. (4) . Now, the line broadening γ(r) strongly increases with decreasing mutual distance r between two atoms in the ground and Rydberg state. The resulting excitation rate (5) is shown in Fig. 2 .
On the red detuned side (∆ < 0), see Fig. 2b , we recognize the usual facilitation mechanism. Here, the broadening mainly reduces the excitation rate compared to the excitation rate (1) without additional broadening. At the facilitation radius r fac , the excitation rate Γ ↑ (r) reaches approximately its maximum. However, we obtain a broader spatial width δr r fac γ(r fac )/6∆ 0 in linear order in δr/r fac .
Interestingly, we can also identify an anomalous facilitation radiusr fac on the blue detuned side ∆ > 0, as shown in the inset of Fig. 2a . Similar to the usual case, the anomalous facilitation atr fac decreases with increasing detuning ∆ approximately following the same scaling as r fac . In contrast to the usual facilitation, which results from energetic conditions, the anomalous radiusr fac originates from the inhomogeneity of the broadening mechanism. Overall, the excitation rate for an atom at distancẽ r fac with blue detuning is of course much smaller than in the red detuned case. However, the spatial width of the facilitation profile Γ ↑ (r) is broadened, too. Naively, we do not expect any cascaded excitations since the rates are strongly reduced on the blue detuned side of the resonance for attractive interaction. However, we will show that facilitation can be possible for certain detunings ∆ in sufficiently dense atomic gases.
So far, we discussed the excitation rate of a single ground state atom in the presence of one other already excited Rydberg atom at distance r. However, a single Rydberg excitation influences the excitation rate of all surrounding atoms within a blockade radius a B . Therefore, we have to consider the integrated facilitation rate
over all atoms j with distance r j to the excited Rydberg atom. Here N is the number of atoms within the blockade radius a B . Atoms with distance r > a B , i.e. larger than the blockade radius, are only weakly affected by the interaction shift and therefore neglected. To observe facilitated excitations, we require two ingredients: Firstly, for an excitation cascade, we have to compare the integrated facilitation rate Γ fac to the uncorrelated total excitation rate Γ 0 = N Γ ↑ (r → ∞). Secondly, we have to ensure, that one Rydberg excitation triggers a subsequent excitation before it decays with rate Γ s back to the ground state. This leads to the following two conditions for facilitation
The conditions (7) and (8) may be fulfilled easily in the usual facilitation case. In the anomalous case, the individual excitation rates are much weaker. Nevertheless, since the spatial excitation width of the anomalous case is much broader, we may fulfill conditions (7) and (8) for a sufficiently dense atomic gas.
To give an example, we calculate the integrated excitation rates Γ fac and Γ 0 for a cubic lattice with lattice spacing a B /a 2 using realistic experimental parameters with weight D 6 /C 6 = 0.3. Within a blockade radius a B , we count N = 32 atoms. The results are shown for both, blue and red detuning, in Fig. 3 . While we can identify individual resonance peaks (dashed blue lines) on the red detuned side corresponding to specific lattice distances, on the blue detuned side only the residual line broadening of the resonances remain. Due to the inhomogeneous broadening, the resonance lines on the red detuned side are strongly broadened. Here, conditions eqn. (7) and (8) are fulfilled for a broad range of detunings (gray shaded region) and we observe usual faciliation. Surprisingly, on the blue detuned side both facilitation conditions in eqn. (7) and (8) are fulfilled for several detunings, too. Clearly, the extent of allowed detunings ∆ is much larger on the red detuned side. However, an anomalous facilitation is possible for a finite region of detunings ∆. Note that the anomalous facilitation range strongly depends on the density, the microscopic geometry, the interaction and the line broadening.
V. SUMMARY & OUTLOOK
To conclude, we discovered an anomalous facilitation mechanism allowing to observe cascaded excitations in an experimentally accessible parameter regime. Our discussion was motivated by the observation of an interaction induced inhomogeneous broadening mechanism in a recent experiment [26] . While we here assumed an additional decoherence proportional to the van der Waals interaction, we would like to point out that other spatially dependent broadening mechanisms may lead to similar results. We discussed the general conditions for facilitation in the many particle dynamics.
We believe that the anomalous facilitation is an interesting extension to the usual facilitation, which may be observable in current experiments. In particular, it may lead to unexpected correlations on the "wrong" side of the resonance. For instance, attractive interactions may lead to the formation of molecular bound states suppressing an excitation cascade on the red detuned side. However, the observation of strongly correlated excitation growth may be seen on the blue detuned side of the resonance. Finally, we hope that our discussion further motivates to study the origin of excitation line broadening in ultra cold Rydberg gases and may trigger applications thereof.
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